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Abstract
We construct nonstandard finite-dimensional representations of type C affine Hecke algebra
from the viewpoint of quantum integrable models. There exists two classes of nonstandard solu-
tions to the Yang-Baxter equation called the Cremmer-Gervais and Jordanian R-matrices. These
R-matrices also satisfy the Hecke-relation, thus can be used to construct nonstandard finite-
dimensional representations of type A affine Hecke algebra. We construct the corresponding non-
standard representations for type C affine Hecke algebra by explicitly constructing solutions to
the reflection equation under the Hecke relation. We achieve this by taking the finite-dimensional
representations and deBaxterizing the K-operators acting on the infinite-dimensional function
space, taking advantage of the fact that the Cremmer-Gervais and Jordanian R-matrices can be
obtained from the R-operator.
Mathematics Subject Classification (2010). 20C08, 16T25, 14H70, 17B37.
Keywords. Affine Hecke algebra, Yang-Baxter equation, reflection equation, quantum integrable
models.
1 Introduction
Affine Hecke algebras plays special roles in mathematics and mathematical physics. They are not only
one of the most important algebras in representation theory related to Yangians and quantum affine
algebras for example, but also have various applications to other branches from mathematical physics,
knot theory to the recent progress in categorification, geometric representation theory and so on (see
[1, 2] for example for general treatments and applications of affine Hecke algebras).
From the point of view of mathematical physics, affine Hecke algebras are very intimate with
quantum integrable models, in particular with the object called the R-matrix. Quantum integrable
models are special classes of quantum many-body systems equipped with special algebraic structures.
At the time when the very first example of quantum integrable model was constructed [3], Bethe
treated only the Hamiltonian, but it is in general very difficult to judge whether a Hamiltonian is
quantum integrable or not. The advances in the study of quantum integrable models lead to the
discovery of the Yang-Baxter relation which is a characteristic feature for quantum integrable models,
and it is widely believed today that the R-matrix satisfying the Yang-Baxter relation is the most
fundamental object in quantum integrable models since the global commuting transfer matrix, which
is a generating function of conserved quantities including Hamiltonian, is constructed from the local
R-matrix.
∗E-mail: motegi@gokutan.c.u-tokyo.ac.jp
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Based on the R-matrix, there are various algebraic methods developed to analyze quantum inte-
grable models and algebraic structures investigated from the point of view of quantum integrability.
(see the papers and books [4–7] about quantum inverse scattering method and q-vertex operator).
The relation between R-matrices and affine Hecke algebras is one such example. It is well-known that
trigonometric R-matrices can be constructed from affine Hecke algebra of type A, and vice versa. In
fact, the standard R-matrix of the quantum group Uq(ŝl2) [8, 9] without spectral parameter is nothing
but a representation for a generator of the affine Hecke algebra. The braid relation which is one type
of the defining relations among the generators for the affine Hecke algebra is nothing but the Yang-
Baxter relation in quantum integrable models. The trigonometric R-matrix with spectral parameter
can be constructed as a combination of a generator and a permutation operator. This construction
can be generalized to other root systems.
For the affine Hecke algebra of type C, the boundary condition of the corresponding quantum
integrable models is modified from the standard periodic boundary condition to the open boundary
condition. From the point of view of quantum integrable models, two of the generators of type C affine
Hecke algebra are nothing but the solutions to the reflection equation [10, 11], which is the boundary
condition on quantum systems to ensure integrability of the model. There are many solutions to the
reflection equation constructed today (see [12–15] for example).
In this paper, we construct nonstandard finite-dimensional representations of type C affine Hecke
algebra. Despite its extensive studies on various aspects, it seems that the problem of concretely
realizing representations of affine Hecke algebra is not well investigated. We approach this problem
by using the power of quantum integrable models. From the point of view of affine Hecke algebra, the
interesting R-matrices are those satisfying the Hecke relation. Besides the standard R-matrix of the
quantum group Uq(ŝl2), there is a nonstandard one called the Cremmer-Gervais (CG) R-matrix. This
R-matrix originally appeared in the context of the Toda field theory [16] as a constant R-matrix, and
the Baxterized R-matrix was derived in [17]. The CG-R-matrix satisfies the Hecke relation, thus can
be served as a representation for type A affine Hecke algebra. We call the corresponding representation
as a nonstandard trigonometric representation since it comes from the nonstandard R-matrix.
In this paper, we construct nonstandard representations for type C affine Hecke algebra. From the
point of view of quantum integrable models, the problem of constructing nonstandard trigonometric
representations for type C is equivalent to finding solutions to the reflection equation of the CG-R-
matrix under the Hecke relation.
To achieve this, we first reivew how the Baxterized CG-R-matrix was derived [17]. It was derived
by taking finite-dimensional representation of the trigonometric limit of the elliptic Shibukawa-Ueno
(SU) R-operator [18], which is an infinite-dimensional R-operator acting on the space of functions.
We remark here that taking the finite-dimensional representation of the elliptic SU-R-operator gives
the Baxter-Belavin model [19, 20], whose trigonometric limit is the standard R-matrix of Uq(ŝl2). The
nonstandard CG-R-matrix is obtained in a different manner. We first take the trigonometric limit of
the SU-R-operator. Taking the finite-dimensional representation in the trigonometric basis after that
procedure gives the CG-R-matrix (see also [21] for a similar construction).
By taking advantage of this fact, we construct solutions to the reflection equation of the CG-R-
matrix in the following way. We start from the elliptic K-operator by Hikami-Komori (HK) [23, 24]
which are solutions to the reflection equation of the SU-R-operator. We first take the trigonomet-
ric limit of the elliptic K-operator to get the trigonometric K-operator. We next take the finite-
dimensional representation in the trigonometric basis to get the Baxterized K-matrix. By construc-
tion, the K-matrix is the solution to the reflection equation of the Baxterized R-matrix. To extract
representations of the affine Hecke algebra, we need one more thing to do. Namely, one has to do
the deBaxterization, i.e., extract the constant deBaxterized K-matrix out of the spectral parameter
dependent K-matrix by getting rid of the spectral parameter. We show from its construction that the
K-matrix satisfy both the constant reflection equation and the Hecke relation, which are exactly the
defining relations the boundary generators of affine Hecke algebra of type C must satisfy.
We also construct another type of nonstandard representation for a special case of affine Hecke
algebra of type C by considering a class of quantum integrable models of rational type. The rational
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Jordanian R-matrix and its assoiciated K-matrix serve as representations for the generators. We also
find the representations in a similar but different way. We first go furthermore to the rational limit
of the trigonometric R-operator and the K-operator, next take finite-dimensional representations in
the rational basis. Then we deBaxterize to get the R-matrix and its corresponding K-matrix.
In the next section, we state the main results about nonstandard representations of type C affine
Hecke algebra, and give the outline of the proof. In section 3, we first review the CG-R-matrix
and its construction from the SU-R-operator by taking the finite-dimensional representation in the
trigonometric basis and deBaxterizing. Then we apply the same degeneration procedure to construct
solutions to the reflection equation to the CG-R-matrix from the HK-K-operator, and deBaxterize to
get representations for the boundary generators of type C affine Hecke algebra, which gives the proof
for one of the main results. In section 4, we apply a similar procedure to the rational case to give the
other main results. Section 5 is devoted to the conclusion.
2 Type C affine Hecke algebra and nonstandard representa-
tions
In this paper, we construct representations of the following type C affine Hecke algebra.
Definition 2.1 Type C affine Hecke algebra Hn = Hn(t, tn, t0) is defined as an algebra generated by
Tj , j = 0, · · · , n satisfying the following relations
(T0 − t0)(T0 + t
−1
0 ) = 0, (2.1)
(Tj − t)(Tj + t
−1) = 0, 1 ≤ j ≤ n− 1, (2.2)
(Tn − tn)(Tn + t
−1
n ) = 0, (2.3)
T0T1T0T1 = T1T0T1T0, (2.4)
TjTj+1Tj = Tj+1TjTj+1, 1 ≤ j ≤ n− 2, (2.5)
Tn−1TnTn−1Tn = TnTn−1TnTn−1, (2.6)
TjTk = TkTj , |j − k| ≥ 2. (2.7)

We give nonstandard representations for type C affine Hecke algebra by extracting the generators
from a class of trigonometric and rational quantum integrable models. To state the main theorem,
we first fix notations. Let V be an N -dimensional complex vector space. We denote the orthonormal
basis of V by {ej, j = 0, · · · , N − 1}. The matrix element [A]
k
j of A ∈ End(V ) with respect to this
basis is defined as
Aej =
N−1∑
k=0
ek[A]
k
j .
(2.8)
The permutation matrix P is defined as
P (x⊗ y) = y ⊗ x for any x, y ∈ V. (2.9)
Let V ⊗n = V1 ⊗ V2 ⊗ · · · ⊗ Vn be a tensor product of complex vector spaces. For a matrix A ∈ V , let
us define a matrix Aj ∈ End(V1 ⊗ · · · ⊗ Vn) as a matrix acting on the complex vector space Vj as A,
and acting on the remaining complex vector spaces Vk (k 6= j) as an identity matrix. For a matrix
Ajk ∈ End(Vj ⊗ Vk), we define Aˇjk as
Aˇjk = AjkPjk. (2.10)
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Definition 2.2 We define the R-matrix Rtr(q, p) ∈ V ⊗ V and the K-matrix Ktr(r, s) ∈ V as
[
Rtr(q, p)
]kl
ij
= p2(j−k) ×

q, for i = k ≥ j = l,
q−1, for i = k < j = l,
−q + q−1, for i < k < j, i+ j = k + l,
q − q−1, for j ≤ k < i, i+ j = k + l,
0, otherwise.
(2.11)
[
Ktr(r, s)
]k
j
= sj−k ×

−r−1, for j ≤ k, j + k = N − 1,
−r, for j > k, j + k = N − 1,
r − r−1, for j ≤ k < N − 1− j,
−r + r−1, for N − 1− j < k < j,
0, otherwise.
(2.12)

Using the matrices defined above, we have the following representation for type C affine Hecke algebra.
Theorem 2.1 (Nonstandard trigonometric representation) Let Tˆj, j = 0 · · · , n be the following ma-
trices acting on the spin module V ⊗n
Tˆ0 = K
tr
1 (t0, s0), (2.13)
Tˆj = Rˇ
tr
j,j+1(t, p), j = 1, · · · , n− 1, (2.14)
Tˆn = K
tr
n (tn, sn). (2.15)
(2.16)
The map ρ defined as
ρ(Tj) = Tˆj, j = 0, · · · , n, (2.17)
is a representation map ρ : Hn(t, tn, t0) −→ End(V
⊗n). Namely, {Tˆj, j = 0 · · · , n} gives a represen-
tation for type C affine Hecke algebra Hn(t, tn, t0). 
We call this representation as a nonstandard trigonometric representation of type C affine Hecke
algebra. The term “nonstandard trigonometric” means that this representation differs from the finite-
dimensional representations based on the standard trigonometric R-matrix of the quantum group
Uq(ŝl2) by Drinfeld and Jimbo, and its associated K-matrix. “Nonstandard trigonometric” means
that this representation comes from the nonstandard trigonometric R-matrix called the Cremmer-
Gervais (CG) R-matrix and its associated K-matrix defined in (2.11) and (2.12) which we show in
this paper.
For the case when the parameters of the type C affine Hecke algebra is special t = t0 = tn = 1, we
can also construct another nonstandard representation.
Definition 2.3 We define the R-matrix Rra(κ, h) ∈ V ⊗ V and the K-matrix Kra(ν, g) ∈ V as
[Rra(κ, h)]klij
=(−1)j−lhi+j−k−l
{(
i
k
)(
j
l
)
−
κ
h
∑
m
(−1)m−k
(
i
m
)(
j +m− k − 1
l
)
ǫ(j,m, k)
}
, (2.18)
where ǫ(i, j, k) is defined as
ǫ(i, j, k) =
 1, for i ≤ k < j,−1, for j ≤ k < i,
0, otherwise.
(2.19)
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[Kra(ν, g)]
k
j = (−1)
j
(
j
k
)
gj−k + 2ν
∑
0≤l<j
(−1)j−l
(
j − l − 1
k − l
)
gj−k−1. (2.20)

The following serves as another representation for type C affine Hecke algebra when t = t0 = tn = 1.
Theorem 2.2 (Nonstandard rational representation) Let Tˆj , j = 0 · · · , n be the following matrices
acting on the spin module V ⊗n
Tˆ0 = K
ra
1 (ν0, g0), (2.21)
Tˆj = Rˇ
ra
j,j+1(κ, h), j = 1, · · · , n− 1, (2.22)
Tˆn = K
ra
n (νn, gn). (2.23)
(2.24)
The map ρ defined as
ρ(Tj) = Tˆj, j = 0, · · · , n, (2.25)
is a representation map ρ : Hn(1, 1, 1) −→ End(V
⊗n). Namely, {Tˆj, j = 0 · · · , n} gives a representa-
tion for type C affine Hecke algebra Hn(1, 1, 1). 
We call the above representation as “nonstandard rational” representation for type C affine Hecke
algebra since the generators are coming from a class of rational solutions (2.18) to the Yang-Baxter
relation called the Jordanian R-matrix, and its associated K-matrix (2.20) which satisfies the corre-
sponding reflection equation.
3 Outline of the proof
In this section, we give the proof of the main theorems. We explain the procedures of the degeneration
and deBaxterization to extract nonstandard representations from quantum integrable models. We
give the outline in this section, and give the detailed lemmas and propositions essential to construct
trigonometric and rational representations in sections 4 and 5, respectively.
3.1 Trigonometric representation
We construct a representation of type C affine Hecke algebra by extracting the generators from a
class of trigonometric quantum integrable models. In quantum integrable models, the R-matrix R(λ)
satisfying the Yang-Baxter relation
R12(λ)R13(λ+ µ)R23(µ) = R23(µ)R13(λ+ µ)R12(λ), (3.1)
is the fundamental object. The parameter λ of R(λ) is called the spectral parameter, and is important
to treat quantum integrable models. However, to construct representations of affine Hecke algebras, we
want to get rid of it. If an R-matrix R(λ) satisfying the Yang-Baxter relation (3.1) can be decomposed
using the permutation P and the λ-independent R as
R(λ) = f(λ)(P + g(λ)R), g(λ) =
e−2piiλ − 1
q − q−1
, (3.2)
and the λ-independent R satisfies the Hecke relation
(Rˇ− q)(Rˇ + q−1) = 0, (3.3)
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where Rˇ = RP , then one can show that the λ-independent R satisfies the Yang-Baxter relation
without spectral parameter
R12R13R23 = R23R13R12, (3.4)
which is equivalent to the braid relation for Rˇ = RP
Rˇ12Rˇ23Rˇ12 = Rˇ23Rˇ12Rˇ23. (3.5)
This shows that Rˇj,j+1, j = 1, · · · , n− 1 can be used as a representation for the generators Tj, j =
1, · · · , n− 1. The braid relation
Rˇj,j+1Rˇj+1,j+2Rˇj,j+1 = Rˇj+1,j+2Rˇj,j+1Rˇj+1,j+2, 1 ≤ j ≤ n− 2, (3.6)
corresponds to a defining relation (2.5) for the type C affine Hecke algebra, and the Hecke relation
(2.2) can be represented by the Hecke relation for the matrix Rˇ under the identification of parameters
q = t
(Rˇj,j+1 − q)(Rˇj,j+1 + q
−1) = 0. (3.7)
We refer to this procedure to construct representations from quantum integrable models as deBaxter-
ization. The CG-R-matrix realizes a deBaxterization procedure to construct representations for type
A affine Hecke algebra, which we explain later.
If once a representation for Tj , j = 1, · · · , n− 1 is constructed, the remaining thing is to construct
the representations for the generators T0, Tn which satisfy the defining relations (2.1), (2.3), (2.4) and
(2.6). The representation can also be constructed from objects of quantum integrable models. The
quantum integrability under the reflecting boundary condition is ensured by the reflection equation
R21(λ1 − λ2)K1(λ1)R12(λ1 + λ2)K2(λ2) = K2(λ2)R21(λ1 + λ2)K1(λ1)R12(λ1 − λ2), (3.8)
where R21(λ) = P12R12(λ)P12. The representations for generators T0 and Tn can be constructed from
the K-matrix K(λ) satisfying the reflection equation (3.8) in the following way.
If K(λ) satisfying the reflection equation (3.8) can be decomposed using the identity and the
λ-independent K as
K(λ) = a(λ)(I + b(λ)K), b(λ) =
e−4piiλ − 1
r − r−1
, (3.9)
and the λ-independent K satisfies the Hecke relation
(K − r)(K + r−1) = 0, (3.10)
then K satisfies the reflection equations
Rˇ12K1Rˇ12K1 = K1Rˇ12K1Rˇ12, (3.11)
Rˇn−1,nKnRˇn−1,nKn = KnRˇn−1,nKnRˇn−1,n, (3.12)
which can be identified as representations for the defining relations (2.4) and (2.6). The Hecke relations
(K1 − r0)(K1 + r
−1
0 ) = 0, (3.13)
(Kn − rn)(Kn + r
−1
n ) = 0, (3.14)
can be identified with the Hecke relations for T0 and Tn (2.1) and (2.3) under the identification of
boundary parameters r0 = t0 and rn = tn. Thus, the K-matrices K1 and Kn serves as representations
for T0 and Tn respectively. We call this procedure to construct representations of T0 and Tn from the
reflection equation (3.8) as deBaxterization for boundary.
The above is a description of a general procedure to construct representations of type C affine
Hecke algebra Hn(t, tn, t0) from quantum integrable models by deBaxterization to get rid of the
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spectral parameters. This procedure applies if the extracted λ-independent R-matrix R and K-
matrix K satisfy the Hecke relations. Now we construct a representation from a class of trigonometric
quantum integrable models. We start from the Cremmer-Gervais R-matrix Rtr(q, p) [16, 25] which is
a nonstandard representation of the quantum group Uq(ŝl2).
[
Rtr(q, p)
]kl
ij
= p2(j−k) ×

q, for i = k ≥ j = l,
q−1, for i = k < j = l,
−q + q−1, for i < k < j, i+ j = k + l,
q − q−1, for j ≤ k < i, i+ j = k + l,
0, otherwise.
(3.15)
This is nothing but the R-matrix in Definition 2.2. The CG-R-matrix Rtr(q, p) satisfies the Yang-
Baxter relation and the Hecke relation,
(Rˇtr(q, p)− q)(Rˇtr(q, p) + q−1) = 0, (3.16)
thus can be used for representations for the generators T1, · · · , Tn−1 as Tj = Rˇ
tr
j,j+1(t, p), j = 1, · · · , n−
1. The remaining step is to construct representations for the generators T0 and Tn. This corresponds to
finding solutions to the reflection equations under the Hecke relation. We achieve this by the following
degeneration scheme [17]. First, note there is a degeneration scheme to the CG-R-matrix Rtr(q, p)
from the Shibukawa-Ueno (SU) R-operatorRell(λ), which is an infinite-dimensional R-operator acting
on the function space. This scheme can be summarized in the following diagram.
Rell(λ) −→ Rtr(λ) −→ Rtr(λ, q, p) −→ Rtr(q, p). (3.17)
We start from the SU-R-operator Rell(λ) [18]. The first thing to do is to take the trigonometric limit
of the R-operator. Next, you twist the R-operator and take the finite-dimensional representation in
the trigonometric basis to get the spectral parameter dependent CG-R-matrix Rtr(λ, q, p) from the
infinite-dimensional R-operator. Finally, one deBaxtetizes Rtr(λ, q, p) to obtain Rtr(q, p). Note that
the trigonometric R-matrix we consider here is different from the standard R-matrix. One should
not reverse the order of the degeneration. From the SU-R-operator, one obtains the standard R-
matrix by first taking the finite-dimensional representation in the elliptic basis, and then taking the
trigonometric limit, but not by first taking the trigonometric limit of the SU-R-operator and then
taking its finite-dimensional representation in the trigonometric basis. What you get in this case is
the CG-R-matrix Rtr(λ, q, p).
Taking advantage of this fact of the degeneration and deBaxterization scheme to obtain the R-
matrix Rtr(λ, q, p), we apply the same degeneration scheme to find solutions to the reflection equations
corresponding to the R-matrix Rtr(λ, q, p). The scheme is given as follows.
Kell(λ) −→ Ktr(λ) −→ Ktr(λ, r, s) −→ Ktr(r, s). (3.18)
We start from the elliptic Hikami-Komori (HK) K-operator Kell(λ) [23, 24], which corresponds to the
solution to the reflection equation of the SU-R-operator Rell(λ). First, we take the trigonometric
limit Ktr(λ) of the elliptic K-operator Kell(λ). Next, we twist the K-operator and take the finite-
dimensional representation in the trigonometric basis to obtain Ktr(λ, r, s). Finally, we deBaxterize
Ktr(λ, r, s) to get Ktr(r, s), whose explicit matrix elements are given by
[
Ktr(r, s)
]k
j
= sj−k ×

−r−1, for j ≤ k, j + k = N − 1,
−r, for j > k, j + k = N − 1,
r − r−1, for j ≤ k < N − 1− j,
−r + r−1, for N − 1− j < k < j,
0, otherwise.
(3.19)
which is the matrix given in Definition 2.2. One can show that this K-matrix satisfies the Hecke
relation
(Ktr(r, s)− r)(Ktr(r, s) + r−1) = 0, (3.20)
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and thus can be served as representations for T0 and Tn as T0 = K
tr
1 (t0, s0) and Tn = K
tr
n (tn, sn). One
can easily see the remaining relation (2.7) holds by looking at which spaces the R-matrices and the
K-matrices act on nontrivially. This ends the proof that the matrices given in Definition 2.2 satisfy all
the defining relations for the affine Hecke algebra of type C, and one can use them as representations
for the generators, thus proving Theorem 2.1. The details of the calculation are given in the next
section.
3.2 Rational representation
For the special case t = t0 = t1 = 1 of type C affine Hecke algebra Hn(t, t0, t1), one can obtain another
representation for the algebra from the rational Jordanian R-matrix and its corresponding K-matrix.
Since the degeneration [17] and deBaxterization scheme is similar, let us point out the differences. On
the deBaxterization scheme, one replaces the decompostions of the R-matrix R(λ) (3.2) and K-matrix
K(λ) (3.9) by
R(λ) = f(λ)(P + gλR), (3.21)
K(λ) = a(λ)(I + bλK), (3.22)
and the Hecke relations in (3.3) and (3.10) by
Rˇ2 − 1 = 0, (3.23)
K2 − 1 = 0. (3.24)
The diagram to get the rational Jordanian R-matrix Rra(κ, h) from the SU-R-operator Rell(λ) is
changed as
Rell(λ) −→ Rtr(λ) −→ Rra(λ) −→ Rra(λ, κ, h) −→ Rra(κ, h). (3.25)
The difference from the procedure to obtain the trigonometric CG-R-matrix is that we degenerate
furthermore the infinite-dimensional R-operator from the trigonometric one Rtr(λ) to the rational one
Rra(λ). Then we take the finite-dimensional representation of the R-operator to get Rra(λ, κ, h), and
deBaxterize it to obtain Rra(κ, h).
Correspondingly, the K-matrix for the reflection equation of the Jordanian R-matrix can be ob-
tained in the following procedure:
Kell(λ) −→ Ktr(λ) −→ Kra(λ) −→ Kra(λ, ν, g) −→ Kra(ν, g). (3.26)
First, we degenerate the trigonometric HK-K-operator futhermore to the rational K-operator. Then
we take the finite-dimensional representation of the rationalK-matrix Kra(λ, ν, g), and deBaxterize to
obtain the rational K-matrix without spectral parameter Kra(ν, g). The explicit forms of the rational
Jordanian R-matrix and K-matrix are given in Definition 2.3, and can be served as a representation
for Hn(1, 1, 1). The details are given in the section 5.
4 Trigonometric representation
In this and the next sections, we give details of the proof outlined in the last section to construct
representations. In this section, we consider the nonstandard trigonometric representations of type C
affine Hecke algebra. The term trigonometric comes from the fact that the representation comes from
quantum integrable models of trigonometric type. For completeness, we first review the degeneration
scheme [17] from the Shibukawa-Ueno (SU) elliptic R-operator [18] to the Cremmer-Gervais (CG)
trigonometric R-matrix. Then we give the details of obtaining solutions to the reflection equation
from the Hikami-Komori (HK) K-operator. We also compare the obtained solution with our former
result on the full solution for N = 3 [26].
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4.1 Cremmer-Gervais R-matrix from Shibukawa-Ueno R-operator
In this section, we review how the Cremmer-Gervais R-matrix is extracted from the Shibukawa-Ueno
R-operator.
Definition 4.1 [18] Let M be a space of meromorphic functions of ζ on Cn. The Shibukawa-Ueno
R-operator Relljk(λ) ∈ End(M) is defined as
Relljk(λ) = σλ(ζj − ζk; τ)sjk − σκ(ζj − ζk; τ), (4.1)
where
σν(ζ; τ) =
θ1(ζ + ν; τ)θ
′
1(0; τ)
θ1(ζ; τ)θ1(ν; τ)
, θ1(ζ; τ) = −θ
[
1
2
1
2
]
(ζ; τ), (4.2)
θ
[
a
b
]
(ζ; τ) =
∑
m∈Z
exp
(
πiτ(m + a)2 + 2πi(m+ a)(ζ + b)
)
, (4.3)
(sjkf)(ζ, · · · , ζj , · · · , ζk, · · · , ζn) = f(ζ1, · · · , ζk, · · · , ζj , · · · , ζn). (4.4)

The SU-R-operator can be twisted [22] using the shift operator
(Tj(µ)f)(ζ1, · · · , ζj , · · · , ζn) = f(ζ1, · · · , ζj + µ, · · · , ζn), (4.5)
as
R˜elljk(λ) := Tj(−β)Tk(β)R
ell
jk(λ)Tj(−β)Tk(β). (4.6)
Theorem 4.1 [18] The Shibukawa-Ueno R-operator R˜elljk(λ) satisfies the Yang-Baxter relation
R˜12(λ)R˜13(λ + µ)R˜23(µ) = R˜23(λ)R˜13(λ+ µ)R˜12(µ). (4.7)

The action of R˜ell12(λ) on f(ζ1, ζ2) is explicitly given as
R˜ell12(λ)f(ζ1, ζ2) =σλ(ζ1 − ζ2 − 2β; τ)f(ζ2, ζ1)− σκ(ζ1 − ζ2; τ)f(ζ1 − 2β, ζ2 + 2β). (4.8)
The CG-R-matrix can be obtained from the SU-R-operator as follows. First, one takes the trigono-
metric limit of the elliptic R-operator
R˜tr12(λ) := (2πi)
−1limτ→∞R˜
ell
12(λ). (4.9)
The action of the trigonometric R-operator on the function f(ζ1, ζ2) is given by
R˜tr12(λ)f(ζ1, ζ2) =
zw1 − z
−1p2w2
(z − z−1)(w1 − p2w2)
f(ζ2, ζ1)−
qw1 − q
−1p2w2
(q − q−1)(w1 − p2w2)
f(ζ1 − 2β, ζ2 + 2β), (4.10)
where we have defined wj = e
2piiζj , z = epiiλ, p = e2piiβ, q = epiiκ. Next, one takes the finite-
dimensional representation. We restrict the space of functions M to the finite-dimensional subspace
V trN ⊗ V
tr
N where
V trN = Span
{
φk(ζ) = e
pii(2k−N+1)ζ
∣∣∣ k = 0, 1, · · · , N − 1}. (4.11)
Calculating the matrix elements of the trigonometricR-operator explicitly using φk(ζ), k = 0, 1, · · · , N−
1 as the basis, one gets [17]
R˜tr12(λ)φi(ζ1)φj(ζ2) =
N−1∑
k,l=0
[
Rtr(λ, q, p)
]kl
ij
φk(ζ1)φl(ζ2), (4.12)
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with
[Rtr(λ, q, p)]
kl
ij
= p2(j−k) ×

(qz−1 − q−1z)/(q − q−1)(z − z−1), for i = j = k = l,
−qsgn(i−j)/(q − q−1), for i = k 6= j = l,
zsgn(j−i)/(z − z−1), for l = i 6= k = j,
sgn(j − i), for min(i, j) < k < max(i, j), i+ j = k + l,
0, otherwise.
(4.13)
Note that z is defined as z = epiiλ. The R-matrix Rtr(λ, q, p) is called the Cremmer-Gervais R-matrix
[16, 17]. From its construction from the SU-R-operator, the CG-R-matrix satisfies the Yang-Baxter
relation
R12(λ)R13(λ+ µ)R23(µ) = R23(µ)R13(λ+ µ)R12(λ). (4.14)
We now apply the following lemma to extract the constant R-matrix.
Lemma 4.1 Let an R-matrix R(λ) satisfying the Yang-Baxter relation (4.14) can be decomposed as
R(λ) = f(λ)(P + g(λ)R), g(λ) =
e−2piiλ − 1
q − q−1
, f(λ) 6≡ 0, (4.15)
and the λ-independent R satisfies the Hecke relation
(Rˇ− q)(Rˇ + q−1) = 0, (4.16)
where Rˇ = RP . The λ-independent R satisfies the Yang-Baxter relation without spectral parameter.
R12R13R23 = R23R13R12. (4.17)

We now apply this lemma. One finds the R-matrix Rtr(λ, q, p) (4.13) can be decomposed as
Rtr(λ, q, p) =
1
1− e−2piiλ
(
P +
e−2piiλ − 1
q − q−1
Rtr(q, p)
)
, (4.18)
with the λ-independent R-matrix given by
[
Rtr(q, p)
]kl
ij
= p2(j−k) ×

q, for i = k ≥ j = l,
q−1, for i = k < j = l,
−q + q−1, for i < k < j, i+ j = k + l,
q − q−1, for j ≤ k < i, i+ j = k + l,
0, otherwise.
(4.19)
Since this R-matrix can be shown to satisfy the Hecke relation (4.16), we can apply the above lemma
and find that the R-matrix Rtr(q, p) satisfy the Yang-Baxter relation (4.17) which is equivalent to the
braid relation
Rˇ12Rˇ23Rˇ12 = Rˇ23Rˇ12Rˇ23. (4.20)
This braid relation (4.20) together with the Hecke relation (4.16) can be identified with the defining
relations (2.4) and (2.2) of type C affine Hecke algebra, hence we can use the CG-R-matrix multiplied
by the permutation matrix Rˇtr(q, p) as a representation for the generators T1, · · · , Tn−1 of the affine
Hecke algebra of type C:
Tj = Rˇ
tr
j (t, p), j = 1, · · · , n− 1. (4.21)
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4.2 K-matrix from Hikami-Komori K-operator
We now apply the same degenataion scheme to find solutions to the reflection equation of the R-matrix
Rtr(q, p). We start from the elliptic Hikami-Komori (HK) K-operator.
Definition 4.2 [23, 24] LetM be a space of meromorphic functions of ζ on Cn. The Hikami-Komori
K-operator Kellj (λ) ∈ End(M) is defined as
Kellj (λ) = σν(ζ; τ)sj − σ2λ(ζ; τ), (4.22)
where
(sjf)(ζ, · · · , ζj , · · · , ζn) = f(ζ1, · · · ,−ζj , · · · , ζn). (4.23)

The HK-K-operator can be twisted using the shift operator as
K˜ellj (λ) := Tj(−γ)K
ell
j (λ)Tj(γ). (4.24)
Theorem 4.2 [23, 24] The Hikami-Komori K-operator K˜ellj (λ) is a solution to the reflection equation
of the Shibukawa-Ueno R-operator
R˜12(λ− µ)K˜1(λ)R˜21(λ+ µ)K˜2(µ) = K˜2(µ)R˜12(λ+ µ)K˜1(λ)R˜21(λ − µ). (4.25)

The action of K˜ell(λ) on f(ζ) is explicitly given as
K˜(λ)f(ζ) =σν(ζ − γ; τ)f(−ζ + 2γ)− σ2λ(ζ − γ; τ)f(ζ). (4.26)
Now we calculate theK-matrix corresponding to the CG-R-matrix from the HK-K-operator, following
the same line as the previous subsection. First, one takes the trigonometric limit of the elliptic K-
operator
K˜tr(λ) := (2πi)−1limτ→∞K˜
ell(λ). (4.27)
The action of the untwisted (γ = 0) trigonometric K-operator on the function f(ζ) is given by
Ktr(λ)f(ζ) =
r − wr−1
(r − r−1)(w − 1)
f(−ζ)−
wz2 − z−2
(z2 − z−2)(w − 1)
f(ζ), (4.28)
where we have defined w = e2piiζ , z = epiiλ, r = e−piiν . Next, one takes the finite-dimensional repre-
sentation. We restrict the space of functions M to the finite-dimensional subspace V trN . Calculating
explicitly the matrix elements of the trigonometric K-operator using φk(ζ), k = 0, 1, · · · , N − 1 as
the basis, one gets the following:
Proposition 4.1 The matrix elements [Ktr(λ, r, s)]
k
j of the trigonometric K-operator K˜
tr(λ) in the
basis φk(ζ), k = 0, 1, · · · , N − 1
K˜tr(λ)φj(ζ) =
N−1∑
k=0
[
Ktr(λ, r, s)
]k
j
φk(ζ), (4.29)
is given by
[Ktr(λ, r, s)]
k
j
= sj−k ×

(r−1z−2 − rz2)/(r − r−1)(z2 − z−2), for j = k = (N − 1)/2,
−z2sgn(2j−N+1)/(z2 − z−2), for j = k 6= (N − 1)/2,
−rsgn(2j−N+1)/(r − r−1), for k = N − 1− j, j 6= (N − 1)/2,
sgn(N − 1− 2j), for min(j,N − 1− j) < k < max(j,N − 1− j),
0, otherwise.
(4.30)

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Proof.
We first consider the case with no twist γ = 0. The case with general γ can be obtained from γ = 0
in a simple way.
We act Ktr(λ) on φj(ζ)
Ktr(λ)φj(ζ) =
r − wr−1
(r − r−1)(w − 1)
epii(N−2j−1)ζ −
wz2 − z−2
(z2 − z−2)(w − 1)
epii(2j−N+1)ζ
=epii(1−N)ζ
{
r − wr−1
(r − r−1)(w − 1)
wN−1−j −
wz2 − z−2
(z2 − z−2)(w − 1)
wj
}
=
epii(1−N)ζ
(r − r−1)(z2 − z−2)
×
(z2 − z−2)(r − wr−1)wN−1−j − (r − r−1)(wz2 − z−2)wj
w − 1
.
(4.31)
We reorganize the second factor in the last line into polynomials in w as follows.
(z2 − z−2)(r − wr−1)wN−1−j − (r − r−1)(wz2 − z−2)wj
w − 1
=
1
w − 1
∣∣∣∣ wN−1−j wj(r − r−1)(wz2 − z−2) (z2 − z−2)(r − wr−1)
∣∣∣∣
=
1
w − 1
∣∣∣∣ wN−1−j − wj wj(w − 1)(rz2 − r−1z−2) (z2 − z−2)(r − wr−1)
∣∣∣∣
=(z2 − z−2)(r − wr−1)
wN−1−j − wj
w − 1
− wj(rz2 − r−1z−2)
=(z2 − z−2)(r − wr−1)
∑
l
ǫ(j,N − 1− j, l)wl − wj(rz2 − r−1z−2)
=(z2 − z−2)
∑
l
{rǫ(j,N − 1− j, l)wl − r−1ǫ(j,N − 1− j, l)wl+1} − wj(rz2 − r−1z−2)
=(z2 − z−2)
∑
l
{rǫ(j,N − 1− j, l)− r−1ǫ(j,N − 1− j, l − 1)}wl − wj(rz2 − r−1z−2). (4.32)
The sum in the last line can be explicitly calculated using the definition of ǫ(i, j, k)
ǫ(i, j, k) =

1, for i ≤ k < j,
−1, for j ≤ k < i,
0, otherwise,
(4.33)
as
rǫ(j,N − 1− j, l)− r−1ǫ(j,N − 1− j, l − 1)
=

(r − r−1)sgn(N − 1− 2j), for min(j,N − 1− j) < l < max(j,N − 1− j),
rsgn(N−1−2j), for l = j 6= N − 1− j,
−rsgn(2j−N+1), for l = N − 1− j 6= j,
0, otherwise.
(4.34)
Combining (4.31), (4.32) and (4.34) gives the proof of the proposition for the case with no twist γ = 0.
The case with nonzero twist γ can be included through a simple relation. Since the action of the shift
operator on the trigonometric basis is diagonal
T (γ)φj(ζ) = e
piiτ(2k−N+1)φj(ζ), (4.35)
one has the following simple relation for the matrix elements between the twisted and nontwisted
K-matrices K˜tr(λ) = T (−γ)Ktr(λ)T (γ)
[Ktr(λ, r, s)]kj = s
j−k[Ktr(λ, r)]kj , (4.36)
12
where s = e2piiγ , which concludes the proof including twist. 
Proposition 4.2 The matrix Ktr(λ, r, s) is a solution to the reflection equation of the trigonometric
CG-R-matrix Rtr(λ, r, s). 
Proof.
This follows from the fact that theK-matrix is constructed as a degeneration from the HK-K-operator,
which is a solution to the reflection equation of the SU-R-operator. 
So far, we found a solution Ktr(λ, r, s) to the reflection equation of the CG-R-matrix Rtr(λ, q, p) with
spectral parameter
R12(λ− µ)K1(λ)R21(λ+ µ)K2(µ) = K2(µ)R12(λ+ µ)K1(λ)R21(λ− µ). (4.37)
To extract representations for the generators T0 and Tn, we use the following lemma.
Lemma 4.2 Let R(λ) be an R-matrix which satisfies the properties in Lemma 4.1. If the correspond-
ing K-matrix K(λ) satisfying the reflection equation (4.37) can be decomposed as
K(λ) = a(λ)(I + b(λ)K), b(λ) =
e−4piiλ − 1
r − r−1
, a(λ) 6≡ 0, (4.38)
and the λ-independent K satisfies the Hecke relation
(K − r)(K + r−1) = 0, (4.39)
then the λ-independent K satisfies the reflection equations without spectral parameter
Rˇ12K1Rˇ12K1 = K1Rˇ12K1Rˇ12, (4.40)
Rˇ12K2Rˇ12K2 = K2Rˇ12K2Rˇ12. (4.41)

Proof.
Multiplying both sides of the spectral parameter dependent reflection equation (4.37) by the permu-
tation operators P and inserting the decomposition relations (4.15), (4.38) and Hecke relations (4.16),
(4.39) into it, one finds the coefficients of the terms KRˇ and RˇK have the following form:
(b(µ) + b(λ))g(λ − µ) + (b(µ)− b(λ))g(λ + µ)
+ (q − q−1)b(µ)g(λ + µ)g(λ− µ) + (r − r−1)b(λ)b(µ)g(λ − µ). (4.42)
We can show by explicit calculation that this becomes zero. Cancelling out these vanishing terms,
The remaining equations are nothing but the reflection equations without spectral parameters (4.40),
(4.41). 
We now apply this lemma to extract the constant K-matrix.
Proposition 4.3 The K-matrix Ktr(r, s) whose matrix elements are explicitly given by
[
Ktr(r, s)
]k
j
= sj−k ×

−r−1, for j ≤ k, j + k = N − 1,
−r, for j > k, j + k = N − 1,
r − r−1, for j ≤ k < N − 1− j,
−r + r−1, for N − 1− j < k < j,
0, otherwise,
(4.43)
is a solution to the constant reflection equation of the CG-R-matrix Rtr(p, q). 
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Proof.
The K-matrix Ktr(λ, r, s) satisfying the reflection equation (4.37) can be decomposed as
Ktr(λ, r, s) = e2piiλ(r−1 − r)
(
I +
e−4piiλ − 1
r − r−1
Ktr(r, s)
)
, (4.44)
with the λ-dependent K-matrix Ktr(r, s) explicitly given by (4.43). To apply Lemma 4.2, one also
needs to show that Ktr(r, s) satisfies the Hecke relation (4.39). This follows by comparing the expres-
sion
Ktr(λ, r, s)Ktr(−λ, r, s) = {(r − r−1)2 − (e2piiλ − e−2piiλ)2}I, (4.45)
which can be calculated using the operator expression for Ktr(λ, r, s), and comparing with another
expression
Ktr(λ, r, s)Ktr(−λ, r, s) = (r − r−1)2I + (e2piiλ − e−2piiλ)2((r − r−1)K −K2), (4.46)
obtained from the decomposition (4.44).
We have shown all the conditions the K-matrices must satisfy to apply Lemma 4.2, hence the propo-
sition follows from the lemma. 
Lemma 4.2 and Proposition 4.3 shows that the K-matrix Ktr(λ, r, s) satisfies the reflection equations
(4.40), (4.41) and the Hecke relation (4.39) which can be identified with the defining relations (2.4),
(2.6), (2.1) and (2.3) of type C affine Hecke algebra, one obtains a representation for T0 and Tn in
terms of the K-matrix:
T0 = K
tr
1 (t0, s0), (4.47)
Tn = K
tr
n (tn, sn). (4.48)
The representation for the generators in terms of the constant CG-R-matrix and its assocaited K-
matrix (4.21), (4.47) and (4.48) proves Theorem 2.1.
4.3 Another representation
One can obtain another representation starting from another elliptic K-operator [24]
Kj(λ) = σν(ζ; τ)sj − σ2λ(ζ; τ), (4.49)
where
σν(ζ; τ) =
θ2(ζ + ν; τ)θ
′
1(0; τ)
θ2(ζ; τ)θ1(ν; τ)
, θ2(ζ; τ) = θ
[
1
2
0
]
(ζ; τ), (4.50)
which is another solution satisfying the reflection equation of the SU-R-operator. We just present the
results for the explicit matrix elements of the finite-dimensional K-matrix for N odd which can be
obtained in the same line as the previous subsection.
Proposition 4.4 The following K-matrices K
tr
(λ, r, s) and K
tr
(r, s) is a solution to the reflection
equation of the CG-R-matrix with and without spectral parameter, respectively.[
K
tr
(λ, r, s)
]k
j
= sj−k ×

(r−1z−2 − rz2)/(r − r−1)(z2 − z−2), for j = k = (N − 1)/2,
−z2sgn(2j−N+1)/(z2 − z−2), for j = k 6= (N − 1)/2,
−rsgn(2j−N+1)/(r − r−1), for k = N − 1− j, j 6= (N − 1)/2,
(−1)N−1−j−ksgn(N − 1− 2j), for min(j,N − 1− j) < k < max(j,N − 1− j),
0, otherwise.
(4.51)
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[
K
tr
(r, s)
]k
j
= sj−k ×

−r−1, for j ≤ k, j + k = N − 1,
−r, for j > k, j + k = N − 1,
(−1)N−1−j−ksgn(N − 1− 2j)(r − r−1), for j ≤ k < N − 1− j,
(−1)N−1−j−ksgn(N − 1− 2j)(r − r−1), for N − 1− j < k < j,
0 otherwise.
(4.52)

4.4 N = 3
Let us compare the K-matrix obtained as a result of the degeneration and deBaxterization from the
elliptic K-operator with the full solution of the reflection equation in the case N = 3. One finds that
the full constant K-matrix is given by
Ktr =
 d1 + d5 0 d3d4 d5 d6
−d7 0 0
 , (4.53)
where the solution manifold S of the parameters dj , j = 1, 3, 4, 5, 6, 7 is given by the Segre threefold
S = {(d1, d3, d4, d5, d6, d7) ∈ P
5(C) | d1d5 − d3d7 = 0, d1d6 − d3d4 = 0, d4d5 − d6d7 = 0}. (4.54)
The points in the Segre threefold can be paramterized by P1(C)×P2(C) via the map ψ
ψ : U = P1(C)×P2(C) −→ S, (4.55)
ψ((D1, D2)× (E1, E2, E3)) = (D1E1, D2E1, D1E3, D2E2, D2E3, D1E2). (4.56)
The full constant K-matrix satisfies the generalized Hecke relation
(Ktr)2 − (d1 + d5)K
tr + d3d7 = 0. (4.57)
The K-matrix obtained from the elliptic K-operator for N = 3
Ktr(r, s) =
 r − r−1 0 −s2rs−1(r − r−1) −r−1 s(r−1 − r)
−s−2r−1 0 0
 , (4.58)
lives on a submanifold V of the projective space U parametrizing the Segre threefold S
V = {(−s−1, s)× (−rs,−r−1s−1, r−1 − r) ∈ U}
= {(D1, D2)× (E1, E2, E3) ∈ P
1(C)×P2(C) | D1D2 + 1 = 0, E1E2 − 1 = 0, D1E1 +D2E2 + E3 = 0}.
(4.59)
We make some comments. The full rational constant K-matrix can be Baxterized to give the
spectral parameter dependent K-matrix
Ktr(z) = dz2 + (d1 + d5)z
4 + (1− z4)Ktr
=
 d1 + d5 + dz2 0 d3(1− z4)d4(1− z4) d5 + dz2 + d1z4 d6(1− z4)
−d7(1− z
4) 0 dz2 + (d1 + d5)z
4
 . (4.60)
Including the parameter d which appears in the Baxterization, the solution manifold P1(C)×P2(C)
is lifted up to C×P1(C) ×P2(C). However, this K-matrix is not the full solution to the reflection
equation of the CG-R-matrix with spectral parameter. There is another solution whose solution
manifold is parametrized by P1(C) × P1(C) × P2(C) which does not seem to be obtained at least
from a simple Baxterization scheme. This phenomena is not observed in the standard R-matrix of
Uq(ŝl3) [14]. See [26] for more details about the full solution space of N = 3 CG-R-matrix.
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5 Rational representation
For the special case t = t0 = tn = 1 of the type C affine Hecke algebra, one can construct another
nonstandard representation from quantum integrable models. We call this as nonstandard rational
representation since this comes from a class of quantum integrable models of rational type. As again,
we first review how the rational Jordanian R-matrix [17] is obtained from the R-operator. Then we
construct its associated K-matrix.
5.1 Jordanian R-matrix
The Jordanian R-matrix can be obtained from the SU-R-operator as follows. First, we degenerate
the trigonometric R-operator furthermore. Namely, we take the rational limit, replacing functions
sin(πiζ) of ζ to ζ.
R˜ra12(λ) := R˜
tr
12(λ)|sin(piiζ)→ζ. (5.1)
The action of the rational R-operator on the function f(ζ1, ζ2) is given by
R˜ra12(λ)f(ζ1, ζ2) =
ζ1 − ζ2 − 2β + λ
(ζ1 − ζ2 − 2β)λ
f(ζ2, ζ1)−
ζ1 − ζ2 − 2β + κ
(ζ1 − ζ2 − 2β)κ
f(ζ1 − 2β, ζ2 + 2β). (5.2)
Next, one takes the finite-dimensional representation. We restrict the space of functions M to the
finite-dimensional subspace V raN ⊗ V
ra
N where
V raN = Span
{
ψk(ζ) = ζ
k
∣∣∣ k = 0, 1, · · · , N − 1}. (5.3)
Calculating the matrix elements of the rational R-operator explicitly using ψk(ζ), k = 0, 1, · · · , N − 1
as the basis, one gets [17, 25]
R˜ra12(λ)ψi(ζ1)ψj(ζ2) =
N−1∑
k,l=0
[Rra(λ, κ, h)]klij ψk(ζ1)ψl(ζ2), (5.4)
with
[Rra(λ, κ, h)]
kl
ij =
1
λ
δilδjk
+(−1)j−lhi+j−k−l
{(
i
k
)(
j
l
)
−
κ
h
∑
m
(−1)m−k
(
i
m
)(
j +m− k − 1
l
)
ǫ(j,m, k)
}
, (5.5)
where h = −2β. The R-matrix Rra(λ, κ, h) is called the Jordanian R-matrix. From its construction
from the SU-R-operator, the Jordanian R-matrix satisfies the Yang-Baxter relation
R12(λ)R13(λ+ µ)R23(µ) = R23(µ)R13(λ+ µ)R12(λ). (5.6)
We now apply the following lemma to extract the constant R-matrix.
Lemma 5.1 Let an R-matrix R(λ) satisfying the Yang-Baxter relation (5.6) can be decomposed as
R(λ) = f(λ)(P + gλR), f(λ) 6≡ 0, (5.7)
and the λ-independent R satisfies the degenerate Hecke relation
Rˇ2 − I = 0, (5.8)
where Rˇ = RP . The λ-independent R satisfies the Yang-Baxter relation without spectral parameter
R12R13R23 = R23R13R12. (5.9)

16
We now apply this lemma. One easily sees that the R-matrix Rra(λ, κ, h) (5.5) can be decomposed as
Rra(λ, κ, h) =
1
λ
(P + λRra(κ, h)), (5.10)
with the λ-independent R-matrix given by
[Rra(κ, h)]
kl
ij
=(−1)j−lhi+j−k−l
{(
i
k
)(
j
l
)
−
κ
h
∑
m
(−1)m−k
(
i
m
)(
j +m− k − 1
l
)
ǫ(j,m, k)
}
. (5.11)
Since this R-matrix can be shown to satisfy the degenerate Hecke relation (5.8), we can apply the
lemma and find that the R-matrix Rra(κ, h) satisfies the Yang-Baxter relation (5.9) which is equivalent
to the braid relation
Rˇ12Rˇ23Rˇ12 = Rˇ23Rˇ12Rˇ23. (5.12)
This braid relation (5.12) together with the Hecke relation (5.8) can be identified with the defining
relations (2.4) and (2.2) of type C affine Hecke algebra, hence we can use the Jordanian R-matrix
multiplied by the permutation matrix Rˇra(κ, h) as a representation for the generators T1, · · · , Tn−1 of
the special case t = t0 = tn = 1 of the affine Hecke algebra of type C:
Tj = Rˇ
ra
j (κ, h), j = 1, · · · , n− 1. (5.13)
5.2 Jordanian K-matrix
Now we calculate the K-matrix of the reflection equation of the Jordanian R-matrix from the HK-K-
operator. First, one takes furthermore the rational limit of the trigonometric K-operator
K˜ra(λ) := K˜tr(λ)|sin(piiζ)→ζ . (5.14)
The action of the rational K-operator on the function f(ζ) is given by
K˜ra(λ)f(ζ) =
ζ + g/2 + ν
(ζ + g/2)ν
f(−ζ − g)−
ζ + g/2 + 2λ
2(ζ + g/2)λ
f(ζ), (5.15)
where g = −2γ. Next, one takes the finite-dimensional representation. We restrict the space of
functions M to the finite-dimensional subspace V raN . The matrix elements of the rational K-operator
can be calculated explicitly using ψk(ζ), k = 0, 1, · · · , N − 1 as the basis. One gets the following:
Proposition 5.1 The matrix elements [Kra(λ, ν, g)]
k
j of the rational K-operator K˜
ra(λ) in the basis
ψk(ζ), k = 0, 1, · · · , N − 1
K˜ra(λ)ψj(ζ) =
N−1∑
k=0
[Kra(λ, ν, g)]
k
j ψk(ζ), (5.16)
is given by
[Kra(λ, ν, g)]kj = −
1
2λ
δjk +
(−1)j
ν
(
j
k
)
gj−k + 2
∑
0≤l<j
(−1)j−l
(
j − l − 1
k − l
)
gj−k−1. (5.17)

17
Proof.
We act K˜ra(λ) on ψj(ζ)
K˜ra(λ)ψj(ζ) =−
ζj
2λ
+
1
ν
(−ζ − k)j +
{−(ζ + k/2)− k/2}j − {(ζ + k/2)− k/2}j
ζ + k/2
=−
ζj
2λ
+
1
ν
∑
k
(−1)j
(
j
k
)
gj−kζk + 2
∑
k,0≤l<j
(−1)j−l
(
j − l − 1
k − l
)
gj−k−1ζk. (5.18)

The following proposition follows from the construction procedure from the K-operator.
Proposition 5.2 The matrix Kra(λ, ν, g) is a solution to the reflection equation of the Jordanian
rational R-matrix Rra(λ, κ, h). 
Proof.
This follows from the fact that theK-matrix is constructed as a degeneration from the HK-K-operator,
which is a solution to the reflection equation of the SU-R-operator. 
So far, we found a solutionKra(λ, ν, g) to the reflection equation of the JordanianR-matrixRra(λ, κ, h)
with spectral parameter
R12(λ− µ)K1(λ)R21(λ+ µ)K2(µ) = K2(µ)R12(λ+ µ)K1(λ)R21(λ− µ). (5.19)
To extract representations for the generators T0 and Tn, we use the following lemma.
Lemma 5.2 Let R(λ) be an R-matrix which satisfies the properties in Lemma 5.1. If the correspond-
ing K-matrix K(λ) satisfying the reflection equation (5.19) can be decomposed as
K(λ) = a(λ)(I + bλK), a(λ) 6≡ 0, (5.20)
and the λ-independent K satisfies the Hecke relation
K2 − I = 0, (5.21)
then the λ-independent K satisfies the reflection equations without spectral parameter
Rˇ12K1Rˇ12K1 = K1Rˇ12K1Rˇ12, (5.22)
Rˇ12K2Rˇ12K2 = K2Rˇ12K2Rˇ12. (5.23)

Proof.
Multiplying both sides of the spectral parameter dependent reflection equation (5.19) by the permu-
tation operators P and inserting the decomposition relations (5.7), (5.20) and Hecke relations (5.8),
(5.21) into it, one finds the coefficients of the terms KRˇ and RˇK have the following form
bg(µ+ λ)(λ− µ) + bg(µ− λ)(λ + µ), (5.24)
which is obviously zero. The remaining equations are nothing but the reflection equations without
spectral parameters (5.22), (5.23). 
We now apply this lemma to extract the constant K-matrix.
Proposition 5.3 The K-matrix Kra(ν, g) whose matrix elements are explicitly given by
[Kra(ν, g)]
k
j = (−1)
j
(
j
k
)
gj−k + 2ν
∑
0≤l<j
(−1)j−l
(
j − l − 1
k − l
)
gj−k−1, (5.25)
is a solution to the constant reflection equation of the Jordanian R-matrix Rra(ν, g). 
18
Proof.
The K-matrix Kra(λ, ν, g) satisfying the reflection equation (5.19) can be decomposed as
Kra(λ, ν, g) = −
1
2λ
(
I −
2λ
ν
Kra(ν, g)
)
, (5.26)
with the λ-dependent K-matrix Kra(ν, g) explicitly given by (5.25). The Hecke relation (5.21) which
one needs to apply Lemma 5.2 follows by comparing the expression
Kra(λ, ν, g)Kra(−λ, ν, g) =
(
1
4λ2
+
1
ν2
)
I, (5.27)
which can be calculated using the operator expression for Kra(λ, ν, g), and comparing with another
expression
Kra(λ, ν, g)Kra(−λ, ν, g) =
1
4λ2
I +
1
ν2
K2, (5.28)
obtained from the decomposition (5.26).
We have shown all the conditions the K-matrices should satisfy to apply Lemma 5.2, and the propo-
sition follows. 
Lemma 5.2 and Proposition 5.3 shows that the K-matrix Kra(ν, g) satisfies the reflection equations
(5.22), (5.23) and the Hecke relation (5.21) which can be identified with the defining relations (2.4),
(2.6), (2.1) and (2.3) of type C affine Hecke algebra, hence one obtains a representation for T0 and Tn
in terms of the K-matrix:
T0 = K
ra
1 (ν0, g0), (5.29)
Tn = K
ra
n (νn, gn). (5.30)
The representation for the generators in terms of the constant Jordanian R-matrix and its associated
K-matrix (5.13), (5.29) and (5.30) proves Theorem 2.2. Namely, one has a representation for the
affine Hecke algebra Hn(1, 1, 1).
5.3 N = 3
For N = 3, we find that the full K-matrix of the constant reflection equation for the Jordanian
K-matrix is given as
Kra =
 c1 c2 c30 c5 c6
0 0 c9
 . (5.31)
Here the parameters c1, c2, c3, c5, c6, c9 live on the following solution manifold
c2c6 + c3(c1 − c5) = 0, (5.32)
c2(c1 − c9) = 0, (5.33)
(c1 − c5)(c1 − c9) = 0. (5.34)
One can show that the full constant K-matrix satisfies the generalized Hecke relation
(Kra)2 − (c5 + c9)K
ra + c5c9 = 0. (5.35)
Analyzing the solution manifold, one finds the constant K-matrix can be furthermore divided into
two types
KraI =
 c1 c2 αc20 c5 α(c5 − c1)
0 0 c1
 , α ∈ C, (5.36)
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and
KraII =
 c1 0 c30 c1 c6
0 0 c9
 . (5.37)
The solution manifold B of the first solution KraI is the projective space P
3(C)
A = {(c1, c2, c5, α) ∈ P
3(C)}. (5.38)
The solution obtained as a degeneration from the elliptic K-operator
Kra =
 1 −g − 2ν g2 + 2gν0 −1 2g
0 0 1
 , (5.39)
multiplied by an overall factor lives on a hyperplane B of the solution manifold A of the first solution
KraI
B = {(c1, c2, c5, α) ∈ P
3(C) | c5 = −c1}. (5.40)
The solution obatined as a degeneration and deBaxterization from the K-operator can construct
representations only for the special case Hn(1, 1, 1). On the other hand, the Hecke relation (5.35)
shows that the full solution can construct representations for Hn(1, t0, tn). We finally remark that the
full constant K-matrix can be Baxterized to give the spectral parameter dependent K-matrix
Kra(λ) = c− λ(c5 + c9) + 2λK
ra
=
 c+ λ(2c1 − c5 − c9) 2λc2 2λc30 c+ λ(c5 − c9) 2λc6
0 0 c+ λ(c9 − c5)
 . (5.41)
6 Discussion
In this paper, we constructed explicit nonstandard representations of type C affine Hecke algebra.
Concretely realizing representations of affine Hecke algebra is not an easy problem. We can approach
this problem by using the power of quantum integrable models. For type C affine Hecke algebra,
we achieved this by using two classes of quantum integrable models under the reflecting boundary
condition. The nonstandard Cremmer-Gervais R-matrix serves as representations for the generators
of type A affine Hecke algebra since it satisfies the Hecke relation as well as the Yang-Baxter relation.
To construct nonstandard representations for type C is equivalent to finding solutions of reflection
equation under the Hecke relation (see [27, 28] for standard representations of type C affine Hecke
algebra based on standard R and K-matrices).
We constructed them by taking appropriate degeneration and deBaxterization of the Hikami-
Komori elliptic K-operator. We also constructed another representation for a special case of type C
affine Hecke algebra from the rational Jordanian R-matrix and its associated K-matrix, also achieved
by the degeneration and deBaxterization scheme from the R-operator and the K-operator. The
degeneration procedure in [17] and in this paper seems to show a systematic way of constructing
representations of affine Hecke algebras not found yet. Finding nonstandard representations do not
have to seem recipes. However, starting from the infinite-dimensional operators and taking finite-
dimensional representations can yield nonstandard representations, and the advantage of starting from
infinite-dimensional operators is that proving relations at the level of operators are much easier than
at the level of finite-dimensional representations. It may be worth investigating affine Hecke algebras
associated with other root systems in this way for example, and is also worthwhile to investigate affine
Hecke algebras of type C from the point of view of boundary quantum group [29]. It may also be
interesting to use the results in this paper to formulate and study boundary (type C) analogue of the
nilpotency indices of the R-matrices (type A) [30, 31], or to relate other integrable systems such as
the classical top (see [32] for an example of relating nonstandard R-matrix with integrable tops).
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